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The incompressibility and planar displacement assumptions were used to reduce the number of
independent tissue parameters required for the characterization of a structural model of the vocal
folds. The influence of these simplifying assumptions on the vibratory properties of the model was
investigated. The purpose was to provide estimates of the error introduced by these assumptions.
The variability in human tissue properties was accounted for through systematic variation of several
material parameters. The modal properties of a vocal fold structural model were computed with each
assumption and, in turn, were relaxed to determine their respective effects. The results indicated that
the incompressibility assumption introduces little error. Errors introduced by the planar
displacement assumption were found to depend on the ratio of the longitudinal stiffness and the
transverse stiffness. Criteria for determining the compatibility of tissue property values from
independent studies are also presented.
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I. INTRODUCTION

Computational models are useful for the study of the
mechanics of the vocal folds, in particular, their vibrations.
Lumped element models �Flanagan and Landgraf, 1968; Ish-
izaka and Flanagan, 1972; Titze, 1988� capture the essential
characteristics of vocal fold vibration during phonation, but
they do not provide finer details associated with higher order
vibration modes. Higher-order numerical modeling ap-
proaches, such as the finite element method, are better suited
for a more detailed analysis and have been used for the study
of biphonation �Tao et al., 2006b�, impact stresses �Gunter,
2003; Tao et al., 2006a�, and posturing �Hunter et al., 2004�.
Such studies require an accurate description of the local de-
formation of the tissue. One obstacle to accurate numerical
simulations of human phonation is a lack of complete con-
sistent vocal fold tissue property data.

The vocal folds may be idealized as consisting of three
distinct tissue regions: the mucosa �or cover�, the vocal liga-
ment, and the thyroarytenoid muscle. As a first approxima-
tion, these tissues are often assumed to be linearly elastic,
with the mucosa approximated as isotropic �Chan and Titze,
1999�, and the remaining tissues modeled as transversely iso-
tropic �Berry and Titze, 1996; Hunter et al., 2004�. Three-
layered linear elastic models would require 12 tissue param-
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eters to unambiguously characterize tissue deformation. Only
three of these parameters have been measured using human
tissue. The shear modulus and Young’s modulus of the vocal
fold mucosa were measured by Chan and Titze �1999� and
Zhang et al. �2006�, respectively. Young’s modulus of vocal
fold ligament was measured by Min et al. �1995�. These
material parameters are summarized in Table I, with mea-
sured human properties highlighted in bold. Canine tissue
measurements have also been performed �Kakita et al., 1981;
Alipour-Haghigni and Titze, 1985b; Hunter and Titze, 2007�.

Unfortunately, several material parameters required for
continuum models of vocal folds tissue have not been mea-
sured due to the limitations inherent to current testing meth-
ods. The model behavior is determined in part by the chosen
values. Alipour-Haghighi and Titze �1985a� observed that
vocal fold vibration patterns were “highly affected by mate-
rial parameters.” Unmeasured parameters must be estimated
in order to obtain closure. Inaccurate estimates introduce er-
rors in model predictions. A rigorous computationally expen-
sive approach is to perform parametric variations �Berry and
Titze, 1996� for each of the eight unknown parameters �EL�,
�L, �L�, �L�, ETA, �TA, �TA� , and �TA� �.

The purpose of the present study was to evaluate the
consequences of two assumptions that can be used to reduce
the number of independent parameters required for vocal
fold models The first technique is the so-called planar dis-
placement assumption which constrains vocal fold motion

into coronal planes. This assumption is based on the obser-
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vation that vocal fold motion occurs primarily in the coronal
plane, and that motion perpendicular to this plane is much
less substantial �Baer, 1981; Saito et al., 1985�. The second
assumption is that of incompressible �or nearly incompress-
ible� tissue. This assumption is commonly applied to biologi-
cal soft tissue, including the vocal folds �Pioletti and Rakota-
manana, 2000; Berry and Titze, 1996; Hunter et al., 2004�.
While both assumptions are common in vocal fold models,
neither has been thoroughly evaluated to determine their ef-
fects on the dynamic properties of vocal fold models.

II. METHODOLOGY

A. Justification for linear analysis

In general, a nonlinear relationship exists between stress
and strain for most vocal fold tissues �Min et al., 1995; Chan
and Titze, 1999; Zhang et al., 2006�. Nonlinear stress-strain
relationships are essential when large deformations occur
�such as during posturing�. However, linear approximations
may be used for small amplitude deformations, such as vi-
brations about a given posture. Nonlinear vocal fold models
require additional unmeasured tissue parameters, thus in-
creasing the uncertainty of model outputs. It has been ob-
served that laryngeal muscles exhibit a nearly linear stress-
strain relationship when active muscular tension is present
�Hast, 1966; Titze, 2006�. Linear tissue models were used for
all tissues in this study.

Modal analysis is a standard method for extracting the
natural vibratory frequencies of a structure �Meirovitch,
2000�. This technique is based on linear approximations and
produces modal frequencies and modal vibration patterns.
Modal vibration patterns have been hypothesized to be im-
portant in the self-oscillation of the vocal folds �Zhang et al.,
2007; Berry et al., 1994�. Continuum structures have, in
principle, an infinite number of resonance frequencies, al-
though only a few modal frequencies contribute significantly
to phonation �Berry et al., 1994; Berry, 2001�.

B. Planar displacement assumption

The motion of vocal fold vibration has been observed to
be predominantly in coronal planes �Baer, 1981; Saito et al.,
1985�. By examining excised canine larynges, �Berry et al.,
2001� quantified the anterior/posterior motion of canine vo-
cal folds as one order of magnitude smaller than motion in
the coronal plane. Numerical simulations have yielded simi-
lar observations �Rosa et al., 2003�. Based on such observa-
tions, the majority of computational vocal fold models have

TABLE I. Tissue types and independent parameters required for linear elas-
tic descriptions. Measured human tissue parameters indicated in bold.

Tissue type Independent parameters Material type

Mucosa Em, �m Isotropic
Ligament EL, EL� , �L, �L�, �L� Trans. isotropic
Thyroarytenoid ETA, ETA� , �TA, �TA� , �TA� Trans. isotropic
utilized the planar displacement assumption �Alipour-
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Haghigni et al., 2000; Alipour-Haghigni and Titze, 1988;
Berry et al., 1994; Berry and Titze 1996; Tao et al., 2006a;
Tao and Jiang, 2006c�.

A transversely isotropic material generally requires five
independent parameters �E, E�, v�, �, and ��—see Lekh-
nitskii, 1963�. For either compressible or incompressible ma-
terials, the planar displacement assumption requires the
value of v+ to be zero and that v be less than unity, while v�
has no effect on the material response. This is because the
contribution of v� to the material response is increasingly
diminished as E� becomes larger �see Eq. �3� below�. Pois-
son’s ratios of a material under the planar displacement con-
dition are

�+ = 0, �1�

� � 1. �2�

The planar displacement assumption can be imposed in
two ways. One approach is to remove the anterior/posterior
degree of freedom from numerical simulations �Alipour-
Haghighi and Titze, 1985a; Berry and Titze, 1996�. When
using the finite element method, this approach causes artifi-
cial constraint forces to arise �Cook et al., 2001�. The planar
displacement may also be imposed by assuming an infinite
longitudinal stiffness �Cook and Mongeau, 2007�. While this
approach does not require constraint forces, unusually high
values of longitudinal stiffness are required.

For a linearly elastic material with transverse isotropy in
the xz-plane, the stress-strain relations are expressed by
Hooke’s law:
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Taking the limit as E�→� causes all terms with E� in the
denominator to vanish. The condition of a symmetric com-
pliance matrix �Lempriere, 1968� implies that v+ must also
be zero. The resulting matrix has zeros in the second row and
second column. Because the strain vector ε

= 	0 1 0 0 0 0
 is in the null space of the resulting com-
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pliance matrix, no anterior/posterior strains ��yy� can de-
velop, regardless of imposed loads ���. This situation is
equivalent to the planar displacement assumption. In prac-
tice, an infinitely large value of E� is not amenable to com-
putational methods. However, an extremely large value of E�
��104 times larger than E� was used in a previous study to
demonstrate that this approach has the same effect as directly
constraining anterior/posterior degrees of freedom �Cook and
Mongeau, 2007�. The validity of the planar displacement
condition is examined in Sec. IV B.

C. Incompressibility assumption

The incompressibility assumption is commonly applied
to biological soft tissue �Humphrey, 2002�. Total incompress-
ibility causes a singularity in the compliance matrix of Eq.
�3�. Thus, the material is usually modeled as “nearly incom-
pressible,” although the term “incompressible” is used in this
paper for the sake of brevity. The incompressibility assump-
tion has been justified based on the high water content of
human tissue �Berry and Titze, 1996�. This assumption has
been applied to the vocal folds by Berry and Titze �1996�,
Rosa et al. �2003�, Hunter et al., �2004�, and Decker and
Thomson, �2007�. The incompressibility assumption leads to
a reduction in the number of independent parameters needed
for analysis.

For isotropic materials, Poisson’s ratio normally varies
between 0 �completely compressible� and 1

2 �totally incom-
pressible�. Values slightly less than 1

2 are typically used to
avoid singularities. If a material is assumed to be incom-
pressible, Eq. �4� can be used to determine the shear modulus
� based on the measured values of Young’s modulus E or
vice versa. Thus, only one independent parameter is re-
quired.

� =
E

2�1 + ��
. �4�

A similar approach can be used for transversely isotropic
materials. Utilizing the incompressibility condition and the
symmetry of the compliance matrix, all three Poisson’s ratios
and the transverse shear modulus are expressed as functions
of Young’s moduli, E and E� �Itskov and Aksel, 2002�:

�� =
1

2
, �5�

�+ =
E

2E�
, �6�

� = 1 −
E

2E�
, �7�

and

� =
EE�
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Thus, an incompressible, linearly elastic, transversely
isotropic material is characterized by three independent ma-

terial properties 	E ,E� ,��
. The above equations correspond
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to total incompressibility and a singular compliance matrix
will result. This problem may be avoided by using a nearly
incompressible formulation which relies on one additional
parameter, the bulk modulus � �Itskov and Askel, 2002�. For
near incompressibility, the values of Poisson’s ratios are
weakly related to the choice of �. Thus, � is not considered
as an independent parameter. The value for � can be found
by substituting Eq. �11� into Eq. �4�, leading to

�� =
1

2
−

E�

6�
, �9�

�+ =
E

2E�
−

E

6�
, �10�

and

� = 1 −
E

2E�
−

E

6�
. �11�

There are very few direct measurements of Poisson’s
ratio of human tissue. There are no reported measurements of
the compressibility of vocal fold tissues. Thus, Poisson’s ra-
tio values for vocal fold simulation have been typically esti-
mated from ad hoc arguments. In previous studies, the fol-
lowing values have been assumed for both longitudinal and
transverse Poisson’s ratios �v and v��: 	0, 0.3, 0.45, 0.66,
0.73, 0.76
. Values of v=0.9 and v�=0.99 have also been
assumed. �Alipour-Haghigni et al., 2000; Tao
et al., 2006a; Tao et al., 2006b; Tao et al., 2006c; Rosa et al.,
2003; Berry and Titze, 1996�. The sensitivity of modal prop-
erty predictions to this parameter has not often been ad-
dressed. Berry and Titze �1996� reported that the second
modal frequency increased as Poisson’s ratio increased,
while the third mode decreased. The validity of the incom-
pressibility assumption and its effects on the vibratory char-
acteristics of the vocal folds are addressed in Sec. IV B.

D. Compatibility

Reported parameter values almost always correspond to
different tissue samples. The selection of tissue parameters
from independent studies may produce parameter sets that
are mutually incompatible. For example, at zero strain,
Zhang et al. �2006� reported Young’s modulus of the mucosa
to vary between 4 and 20 kPa. Chan and Titze �1999� re-
ported the �zero strain� shear modulus of the vocal fold cover
within the range between 10 and 1000 Pa. Selection of aver-
age values within those ranges, for example, Ec=10 kPa and
�c=500 Pa, would �by Eq. �4�� lead to a nonphysical value
for Poisson’s ratio ��c=9�. The compatibility equations pre-
sented above can be used to avoid this situation. The incom-
pressibility assumption �v=0.49� in conjunction with Eq. �4�
and the choice Ec=4 kPa yield the value �c=1340 Pa. This
value is reasonably close to the values reported by Chan and
Titze �1999�.

The compatibility conditions for an isotropic material
are that ��

1
2 and Eq. �4� is satisfied. For a transversely

isotropic material, the conditions of a symmetric positive
definite compliance matrix impose the following additional

constraints on parameter values �see Lempriere, 1968�:
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These conditions can be used to verify that parameter
values extracted from independent experimental studies are
compatible with each other and do not violate fundamental
assumptions.

III. NUMERICAL PROCEDURES

To quantify the errors introduced by the two assump-
tions discussed above, the incompressibility and planar dis-
placement assumptions were applied to a structural model of
the vocal folds. Modal analysis was used to compute the
structure’s resonant mode shapes and frequencies in the ab-
sence of fluid loading. The incompressibility and planar dis-
placement assumptions were then relaxed in turn by allowing
varying amounts of compressibility and anterior/posterior
motion. The effects of these assumptions were determined by
comparison between the relaxed and original cases.

The vocal fold structure was idealized as having a body
and a cover, similar to the body-cover model of Titze �1988�.
The body-cover idealization considers the vocal ligament to
be included in the cover region and reduces the number of
parameters required to define the model. Since only the lon-
gitudinal stiffness of the vocal ligament has been measured
experimentally, the remaining ligament parameters would
necessarily be estimations, thus introducing additional uncer-
tainty into the current study.

The model consisted of one vocal fold assumed to be
symmetric in the anterior/posterior direction. All materials
were assumed to be linearly elastic. The body was repre-
sented by a transversely isotropic material. The cover was
approximated by an isotropic material. The M5 geometry

FIG. 1. Diagram of model geometry and mesh: �a� corona
with an included angle of 0° �Scherer et al., 2001� was used
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to define the vocal fold profile. Geometric parameters are
shown in Fig. 1 and Table II. A length of 12 mm was chosen
according to Berry and Titze �1996� and Cook and Mongeau
�2007�. The cover was formed by offsetting the standard M5
geometry by a constant distance t=0.8 mm from the body
�Titze, 2006�.

The anterior, posterior, and lateral faces were fixed �zero
displacement boundary conditions�, while the remaining
faces were free. The structure was meshed with approxi-
mately 3000 quadratic finite elements, for a total of approxi-
mately 15 000 degrees of freedom �see Fig. 1�c��. This mesh
was found to yield a mesh-converged solution since higher
density meshes ��20 000 degrees of freedom� produced
identical results. Parametric modal analysis of the body-
cover model was performed using COMSOL version 3.3 with
MATLAB. Parametric variation of material parameters was ac-
complished via control loops executed in MATLAB. Model
verification involved comparing modal analysis results pre-
dicted by COMSOL with those predicted by the commercial
finite element code ADINA. Modal frequency differences
were less than 2.5%, and similar mode shapes were predicted
by both codes.

To relate unknown tissue properties to those previously
measured, all tissues were first assumed to be incompressible
�as in Sec. II C�. Accordingly, Poisson’s ratio of the cover
was �c=0.499. Young’s modulus of the cover was chosen to
be Ec=4 kPa �Zhang et al., 2006�. Longitudinal Young’s
modulus of the body was specified as Eb�=28 kPa �Titze,
2006�. Poisson’s ratios and the shear modulus of the body
were calculated according to equations of Sec. II. Based on
estimations used previously, the values Eb=10 kPa and �c�
=10 kPa were chosen �Berry and Titze, 1996; Cook and
Mongeau, 2007�. Equation �4� was used to determine the
transverse shear modulus of the body. The resulting set of
material properties is summarized in Table III.

s section, �b� isotropic view, and �c� finite element mesh.

TABLE II. Geometric parameters of the body-cover model of Fig. 1.

Parameter Symbol Value

Length L 12 mm
Depth D 7.5 mm
Thickness T 10 mm
Cover thickness t 0.8 mm
Cook et al.: Evaluation of parameter-reducing assumptions 3891
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The number of undetermined parameters was then fur-
ther reduced by combining the incompressibility assumption
with the planar displacement assumption. The techniques of
Sec. II were used to eliminate the dependence of Poisson’s
ratios on transverse stiffness �Eb�. The assumption of planar
displacement coupled with incompressibility thus reduced
the number of unknown material properties from 5 to 2. The
resulting parameter values are summarized in the final col-
umn of Table III.

IV. MODAL ANALYSIS RESULTS

A. Evaluation of the incompressibility assumption

The errors introduced by the incompressibility assump-
tion were determined by varying Poisson’s ratios of each
tissue region independently as well as simultaneously. The
results are presented in terms of the compressibility factor,
which is defined here as the ratio between compressible
�variable� and incompressible �fixed� Poisson’s ratios. For
the isotropic cover layer, Poisson’s ratio was varied between
0.499 �incompressible� and 0.25. For the body layer, the bulk
modulus was varied according to Eqs. �9�–�11� such that the
compressibility factor was varied between unity �incom-
pressible� and 0.5. For each set of tissue parameters, modal
analysis produced the first six modes of vibration and their
associated frequencies. The modal frequencies of all com-
puted cases were normalized by dividing each modal fre-
quency by the corresponding value obtained in the incom-
pressible case. Figures 2�a�–2�c� show the normalized modal
frequencies as functions of the compressibility of the cover,
the compressibility of the body, and the compressibility of
both layers.

The vocal fold model was observed to be least sensitive
to changes in cover compressibility. Each modal frequency
changed by less than 3% for a 50% reduction in Poisson’s
ratio of the cover. The model was more sensitive to changes
in the compressibility of the body. Each modal frequency
changed by less than 5% for a 50% reduction in the com-
pressibility of the body. These results are influenced by the
fact that the compressibility of only one tissue was modified
while the remaining tissue was held as incompressible. When
the compressibility of both body and cover was varied simul-

TABLE III. Nominal material properties of the body-cover model. Mea-
sured parameters indicated in bold.

Property Incompressibility Incompressibility and planar displacement

Ec 4 kPa 4 kPa
�c� 1340 kPa 1340 kPa
�c 0.499 0.499
Eb� 28 kPa �canine� �

Eb 10 kPaa 10 kPaa

�b� 10 kPaa 10 kPaa

�b 2.7 kPaa 2.5 kPa
�b 0.82a 0.999

aEstimated or dependent on estimated properties.
taneously, the maximum change in modal frequency was ap-
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proximately 6% for a 50% reduction in compressibility.
These changes are relatively small and would likely be neg-
ligible in most applications.

Wide variations in human tissue properties have been
reported due to the male/female differences, the age differ-

FIG. 2. Normalized modal frequencies as a function of compressibility and
tissue region: �a� cover only, �b� body only, and �c� body and cover. Each
curve normalized with the incompressible value as unity. �—–� mode 1; �---�
mode 2; �-·-·-� mode 3; �·····� mode 4; �—� mode 5; �---� mode 6.
ence, and the experimental variability �Chan and Titze, 1999;

Cook et al.: Evaluation of parameter-reducing assumptions
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Hammond et al., 2000; Zhang et al., 2006�. To address this
variability, the material properties of the above model were
varied over the reported and estimated ranges of human tis-
sue property values, listed in Table IV. For each series, one
of the nominal model parameters of Table III was replaced
by its corresponding value from Table IV. For each such
replacement, the compressibility factor was assigned values
of 0.50, 0.90, and 0.99. Modal analysis was performed for
each unique set of tissue parameters. Six vibratory modes
were calculated for each case. The mean and standard devia-
tions of the differences between the results obtained using
incompressible and compressible assumptions are presented
in Table V.

The mean difference between incompressible and 50%
compressible tissues ranged between −4% and −6%. Green-
leaf et al. �2003� reported the incompressibility levels be-
tween 98% and 99.8% for soft biological tissue. For a con-
servative estimate of 90% compressibility, the mean
difference ranged between −3% and −5%, and the average
difference for all six vibratory modes was −4% with a stan-
dard deviation of 3%. The actual variability would likely be
considerably lower than these values.

B. Evaluation of the planar displacement assumption

The assumption of incompressibility was again used to
reduce the number of undetermined parameters. The longitu-
dinal stiffness Eb� was varied from Eb�=10 kPa �isotropy� to
Eb�=100 MPa �planar displacement�. All other parameters
were either held constant or varied according to the equa-
tions of Sec. II �see Table III for resulting values�.

First, the body alone was subjected to the planar dis-
placement assumption, as described in the preceding para-
graph. The cover was assumed to be incompressible, with
nominal tissue parameters. The resulting modal frequencies

TABLE IV. Parameter substitutions for parametric variation.

Parameter values �kPa�

Ec �Eb ,Eb�� pairs �b�

1 �0.57, 0.57� 1
50 �5.7, 5.7� 100
100 �4.5, 90�
200 �9,90�

�90,90�

TABLE V. Discrepancies between incompressibility and partial compress-
ibility for two values of compressibility factor.

Mode

Compressibility factor
0.5 0.9

Mean diff Std dev. Mean diff Std dev.

1 −5% 3% −4% 2%
2 −4% 4% −3% 2%
3 −5% 4% −4% 1%
4 −6% 5% −5% 3%
5 −5% 5% −4% 3%
6 −5% 5% −5% 3%
All modes −5% 5% −4% 3%
J. Acoust. Soc. Am., Vol. 124, No. 6, December 2008
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are shown in Fig. 3�a� as functions of longitudinal to trans-
verse stiffness ratio. Very little variation was observed for
stiffness ratio values greater than 100. The exception was the
modal frequency of the seventh mode, observed at 190 Hz
for a stiffness ratio of 1, but rising above 200 Hz for a stiff-
ness ratio of 2. The seventh mode represents the lowest mode
containing more than a single half-wavelength in the
anterior/posterior direction and exhibited primarily longitu-
dinal motion. The behavior of this mode suggests that the
planar displacement condition may have undesirable effects
on modes containing two or more half-wavelengths in the
anterior/posterior direction since such modes are particularly
sensitive to the longitudinal stiffness.

As with previous results, the modal frequencies of Fig.
3�a� were normalized by dividing each modal frequency by
the corresponding prediction for planar displacement. Rela-
tive values are plotted in Fig. 3�b�. For stiffness ratios greater
than 10, the maximum relative difference introduced by the
planar displacement assumption was less than 10%. Differ-
ences were observed to consistently decrease with increasing

FIG. 3. Planar displacement condition imposed in the body layer only: �a�
modal frequencies as a function of stiffness ratio; �b� normalized modal
frequencies with the planar displacement value as unity �mode 7 omitted�.
�—–� mode 1; �---� mode 2; �-·-·-� mode 3; �·····� mode 4; �—� mode 5; �---�
mode 6; �-·-·-� mode 7.
stiffness ratio. The maximum relative difference was less

Cook et al.: Evaluation of parameter-reducing assumptions 3893
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than 5% for stiffness ratios greater than 30. This is consistent
with previous results obtained using similar methods but a
different structural model �Cook and Mongeau, 2007�. The
modal frequencies obtained for a stiffness ratio of 104 were
found to differ by less than 1% from the frequencies obtained
by eliminating the anterior/posterior degree of freedom for
every node in the body layer �absolute planar displacement�.

The planar displacement condition was also applied to
the body and cover simultaneously by eliminating the
anterior/posterior degree of freedom of every node in the
computational model. In comparison with the results of Fig.
3, constraint of the entire structure increased modal frequen-
cies by an average of 3%. Interestingly, constraint of the
cover alone had nearly the same effect on modal frequencies
as the constraint of the body alone. Constraint of either tissue
region raised modal frequencies above the incompressible
case by approximately 8%, and constraint of both regions
raised modal frequencies by approximately 10%.

To account for human variability and experimental mea-
surement errors, the independent parameters Ec, Eb, and �b�
were varied over wide ranges to determine the general appli-
cability of the planar displacement assumption. The property
ranges were the same as those given in Table IV, but Eb�
values were controlled through the stiffness ratio. Since the
planar displacement assumption does not reduce the number
of independent parameters of the cover, only the stiffness
ratio of the body was modified. For each unique parameter
set, the stiffness ratio took on values �1,5, 30, 100, 10 000,
1 000 00�.

As observed in Fig. 3, the variations introduced by the
planar displacement assumption depend on the stiffness ratio.
For stiffness ratios greater than 5, the relative difference de-
creased monotonically as a function of stiffness ratio. Table
VI shows the mean and standard deviations of the computed
differences for the first six modal frequencies. The planar
displacement assumption was found to yield reasonably ac-
curate results for stiffness ratio values greater or equal to 30.

TABLE VI. Influence of stiffness ratio on the relative differences between
constrained and unconstrained modal frequencies.

All modes
Stiffness ratio

1 5 30 100

Mean difference −9.0% −6.7% −4.0% −2.3%
Std deviation 11.8% 6.1% 3.6% 2.2%

TABLE VII. Summary of parameter reduction methods �measured propertie

Assumption

Indepen

Mucosa
�isotropic�

Ligamen
�transversely is

None Em, �m EL, EL� , �L, �

Planar displacement Em, �m EL, �L�, �

Incompressibility Em or �m EL, EL� , �

Planar disp. and incompressibility Em or �m EL, �L�
3894 J. Acoust. Soc. Am., Vol. 124, No. 6, December 2008
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V. DISCUSSION AND CONCLUSIONS

Two strategies may be followed to reduce the number of
independent material properties. The first is to assume an
infinite �or practically speaking, an extremely high� value for
the longitudinal stiffness. This approach effectively forces v+

to zero and eliminates the influence of v�. Adjustment of v
then allows control of the material’s level of compressibility.
The second is to impose the condition of incompressibility.
This allows Poisson’s ratios to be determined as functions of
the longitudinal and transverse stiffness parameters. These
assumptions can also be applied simultaneously for a further
reduction in the number of independent parameters. Table
VII provides a summary of the above methods, identifying
the independent material properties for each tissue type, and
compares the reduced formulation to the 12 independent pa-
rameters required for a three-layer model of the vocal folds.

The creation of computational vocal fold models often
utilizes measured tissue parameter values which may be re-
ferred to as “uncorrelated” �i.e., each individual tissue prop-
erty was obtained from a unique tissue sample�. Natural
variation between samples may therefore create a situation in
which the measured values violate compatibility require-
ments. This undesirable situation may be avoided by ensur-
ing that the chosen values obey the analytic relations of Sec.
II.

The discrepancies introduced by both assumptions were
systematically investigated using a body-cover model of the
vocal folds. The incompressibility assumption was found to
be appropriate over a wide range of material properties. An
upper limit for the mean error introduced through the incom-
pressibility assumption was proposed. The planar displace-
ment assumption introduced only minor errors for stiffness
ratio values greater than 30. Significant errors �i.e., more
than 10%� may be introduced for lower values of the stiff-
ness ratio.

The present study highlights the need for additional
measurements of the material constants of vocal fold tissues.
Young’s modulus in the direction perpendicular to the fiber
direction E appears as an independent parameter in all of the
above cases. Unfortunately, this parameter has yet to be mea-
sured for either the thyroarytenoid muscle or the vocal liga-
ment.

Both the incompressibility and the planar displacement
assumptions significantly reduce �and in some cases elimi-
nate� the role of Poisson’s ratios. Thus, experimental data for
these constants may be less important than for the other more
influential parameters such as E, �, and ��. The above as-

icated in bold�.

arameters

ic�
Muscle

�transversely isotropic�
No. of independent parameters

for a three-layer model

ETA, ETA� , �TA, �TA� , �TA� 12
ETA, �TA� , �TA 8
ETA, ETA� , �TA� 7

ETA, �TA� 5
s ind

dent p

t
otrop

L�, �L�

L

L�
Cook et al.: Evaluation of parameter-reducing assumptions

ject to ASA license or copyright; see http://asadl.org/terms



sumptions can be implemented in numerical simulations with
relative ease. In practice, finite element programs require us-
ers to enter nine parameters �five of which are independent�
for transversely isotropic materials and two parameters for
isotropic materials. The above relations can be used to cal-
culate values for these constants as functions of the selected
independent parameters. Furthermore, these methods ensure
that the chosen values will be compatible with each other.
Thus, by relating unmeasured parameters to measured pa-
rameters through a set of physiologically realistic assump-
tions and thermodynamic constraints, this approach reduces
the number of independent parameters, decreases the cost of
parametric studies, and produces models that are more di-
rectly based upon measured tissue properties.
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NOMENCLATURE
L � length
D � depth
T � thickness
t � cover thickness

E � Young’s modulus �stiffness� in general or in
the transverse plane

E� � Young’s modulus �stiffness� in the longitudi-
nal direction

EMEc � Young’s modulus �stiffness� of the cover and
mucosa, respectively

ELETAEb � transverse Young’s modulus �stiffness� of
the ligament, thyroarytenoid muscle, and
body, respectively

EL�ETA� Eb� � longitudinal Young’s modulus �stiffness� of
the ligament, thyroarytenoid muscle, and
body, respectively

� � shear modulus
�� � shear modulus in one of two longitudinal

planes
�M�c � shear modulus of the cover and mucosa,

respectively
�L�TA�b � transverse shear modulus of the ligament,

thyroarytenoid muscle, and body,
respectively

�L��TA� �b� � longitudinal shear modulus of the ligament,
thyroarytenoid muscle, and body,
respectively

	 � Poisson’s ratio �in a plane of symmetry�
	ij � Poisson’s ratio: passive strain in the

i-direction induced by applied strain in the
j-direction �note: some texts reverse these
indices�

	� � applied longitudinal Poisson’s ratio: passive

strain in the transverse direction induced by
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applied strain in the longitudinal direction
	+ � passive longitudinal Poisson’s ratio: passive

strain in the longitudinal direction induced
by applied strain in the transverse direction

	L�	TA� � applied transverse Poisson’s ratio of the
ligament and thyroarytenoid muscle,
respectively

	c	b � Poisson’s ratio of the cover and transverse
Poisson’s ratio of the body

� � bulk modulus
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